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Time-Dependent Correlations for a
One-Component Plasma in a Uniform Magnetic Field
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We derive various sum rules for the time-displaced structure function of a
classical one-component plasma subjected to an external uniform magnetic field.
When the plasma has some translational invariance (i.e., homogeneous or trans-
lation-invariant along the field), we find that there are long-wavelength
oscillations with well-defined frequencies. The results are obtained from linear
response and macroscopic electrodynamics, as well as from the microscopic
equations of motion (BBGKY hierarchy). In the presence of the magnetic field,
the time-displaced structure function has a polynomial decay at large distances,
even in the homogeneous case. When the plasma has no translational
invariance, examples show a more complicated temporal behaviour in the long-
length-scale limit, involving a superposition of oscillations over a continuous
range of frequencies.

KEY WORDS: Sum rules; time-dependent correlations; one-component
plasma; magnetic field.

1. INTRODUCTION

The purpose of this paper is to generalize sum rules about the time-depen-
dent correlations in a one-component plasma to the case when the plasma
is submitted to an external uniform magnetic field. The presence of a
magnetic field brings in new theoretically interesting features, and it should
also be noted that experiments on one-component plasmas in magnetic
fields are being performed. )

A one-component plasma is a system of identical particles of charge e
and mass m in a fixed background of opposite charge. For simplicity, we
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use the framework of classical mechanics (generalization to quantum
mechanics would be easy). The time-dependent charge correlation function
(structure function) is defined as

S(q, t1g,) =€*[{N(g, 1) N(q,,0)> — {N(g, 1) >{N(q, 0)>]  (L.1)

where eN(g, t) is the microscopic charge density at point ¢ and time ¢ and
{--+> is the equilibrium average at inverse temperature j.

In the case without a magnetic field, S was shown to obey a rather
general sum rule involving a very simple oscillatory behavior**

B ] da [ dg, = S(a. 119,) =cos o (12)

For a homogencous plasma, & is the plasma frequency and (1.2) is
equivalent to a well-known long-wavelength sum rule. It is remarkable that
(1.2) also holds for a large class of inhomogeneous plasmas when the
position-dependent background charge density ep,(g) has at infinity a limit
ep .. (2), which may, however, depend upon the direction £ in which ¢
recedes to infinity; then (? is the angular average of the square plasma fre-
quency at infinity:

_, &
wzz;n_fdg 0. (2) (1.3)

In the present paper, we wish to generalize (1.2) to the case when there
is an external uniform magnetic field [of course, at 1=0, (1.2) will be
simply unchanged, since there are no static magnetic effects in classical
statistical mechanics (Bohr—Van Leeuwen theorem)]. It will be found that
a simple result, more or less similar to (1.2), is obtained, only for a more
restricted class of cases, when the plasma is translationally invariant along
the field (this includes the simplest case of homogeneous plasma). In other
situations, it may still be possible to compute the left-hand side of (1.2), but
the result is neither simple nor of a general form.

Even in the simplest case of a homogeneous plasma, it is already clear
that the integral on the left-hand side of (1.2) requires some further
specification in order to have a meaning. In the presence of a uniform
magnetic field, S(q, t]q,), considered as a function of g, is a charge dis-
tribution which carries no net total charge (at =0, this statement just
expresses perfect screening, and it remains true at ¢# 0 by charge conser-
vation); however, S is expected to carry an electrical quadrupole moment
(the lowest multipole moment compatible with the symmetry of the
system). Therefore,

1
JdQ1—S(Qa tq,)
(g,
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behaves like the potential created at the origin by a quadrupole moment
centered at g, and this integral decays only as |g| 3 for large ¢; the final
integral upon ¢ is not absolutely convergent. We perform this integral on
some finite domain A, defining

1

1(0)= | da | o

S(q, t1q,) (14)

and we shall show in the following that there are different ways of taking
the limit | 4| — oo, which give different values for Iim 7 ,.

As in Ref 4, we shall first derive the sum rules by using a linear
response argument (Section 2), taking for granted that macroscopic physics
is valid on long length scales (the special thing about one-component
plasmas is that long-wavelength charge oscillations are not damped). In
Section 3, the problem is investigated from a microscopic point of view,
based upon the BBGKY hierarchy and reasonable clustering assumptions.

In the homogeneous OCP (or when there is at least translational
invariance along the magnetic field), the microscopic long-wavelength tem-
poral behavior agrees exactly with that predicted by macroscopic elec-
trodynamics. This is because the BBGKY hierarchy has an exact closure in
this limit, which relies on sum rules valid for charged systems. We have,
however, not been able to extend the theorem to more general
inhomogeneous systems, due to the lack of information on the spatial
decay of the correlations in complicated cases.

2. LINEAR RESPONSE APPROACH

2.1. Method

The approach used in this section relies upon the assumption that the
linear response of the plasma to an external charge is correctly described
for long length scales by a simple macroscopic dielectric tensor. The infor-
mation about the response is converted into information about the
correlations through the use of the fluctuation-dissipation theorem.®’

When a system that was in equilibrium is subjected to a perturbation
described by a Hamiltonian A4 cos wt, where A is a dynamical variable, the
change of the average value of a dynamical variable B is of the form
Re[ypa(w) exp(—iwt)], to first order in A; this defines the response
function yz.(w). On the other hand, in the unperturbed system in
equilibrium, we can define a time-dependent correlation function

Cpa(t) = (B(1) A(0)> — {B(1) ><A(0)> (2.1)
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and its Fourier transform

(@) 2517? f_m di C (1) expliort) (2.2)

The fluctuation-dissipation theorem,® which relates y 5, and Cp,, is, in its
classical version,

@Cpa(w)= —(1/np) Im y p4(w) (2.3)

This simple form holds under the assumption that 4 and B have the same
parity under time reversal and that y,, is unchanged by a reversal of the
magnetic field.

Here, we choose the perturbation as caused by an external oscillating
point charge of magnitude cos wt located at the origin, and the variable B
as the charge density at point g; therefore

A=efdai < L Nig,) (24)
B=B(q)=€N(q) (2.5)
The charge density induced at ¢, i.e., the change of the statistical average of

eN(q), is of the form Re[p(q, w)exp(—iwt)] and the fluctuation-dis-
sipation theorem (2.3) gives

jdm S(g, 1191 = ﬁf “lm plg o) exp(—ion)  (26)
and by integration on a domain A,

1
1= dg [dgi (g, 114)

- %ﬁ Jjoo % 1 0 4(w) exp(—iwt) (2.7)
where
Q4lw)= L dq p(q, @) (2.8)

represents the total charge induced in A. Therefore, 7 ,(z) can be obtained
from Q ,(w), which will now be computed in a variety of cases.
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2.2. Homogeneous Plasma

We consider a homogeneous plasma: the background charge density
has the uniform value —ep,. There is an external uniform magnetic ficld B.
In the presence of an external charge density of the form
Relp.u(q)exp(—iwt)], the Ilinearized equations of motion on a
macroscopic scale are

V2= —4n(p+ pex) (2.92)
e e
~iwj=——p,Vé+—jA B (2.9b)
m m
iop=V-j (2.9¢)

where ¢, p, and j represent the induced electrical potential, charge density,
and current density, respectively, in the usual complex representation (the
actual electrical potential is Re[¢ exp(—iwt)], etc.). Combining Egs.
(2.92)—(2.9¢) and using Cartesian coordinates g = (x, y, z) with the z axis
parallel to the magnetic ficld B, we obtain

0% ¢ %9
il oz? T <6x2 + 6}/2) = 4o (210)
where
w* — w? o — ol —w?
£ = — 2 e, = wz_l’wz (2.11)

are the well-known paraliel and perpendicular dielectric functions®; w,
and w, are the plasma and cyclotron frequencies defined by

0)127:47f(62/m)pb3 (1)(.=3B/m (212)

The total charge Q ,(w) induced in a large domain A by a point
charge at the origin must be correctly given by taking p., = d(g), solving
(2.10) for ¢, obtaining p from (2.9a), and using it in (2.8). This is because
0, is sensitive only to the long-wavelength space Fourier components of
p(g, ), and they are correctly given by the macroscopic approach,
although the details of p(g, w) are not. Actually, although this program can
be carried on in position space, it is simpler to work with Fourier trans-
forms. The result for

Pk, @) = [ dg e~ *p(q, w) (2.13)

822/47/1-2-16
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is valid in the small-k limit, and must be written as

w?—w?
lim p(kl, 6, w)= _ < 1 (214
o AUkl 6, @) 0’ —w2—w?+ (02w?/w’) cos’ § (2.14)

where 0 is the angle between the field B and the wave vector k. It should be
noted that this limit depends upon the direction 6 of k. As a consequence,
as |[A| - oo, the behavior of Q ,(w) depends upon the way in which A
becomes large.

Let us choose for A a cylinder of radius R and length 2L, with its
center at the origin and its axis u making an angle 6 with B. Then, the
“wide-cylinder” limit of Q , is (2.14):

lim lim Q, (w)— 11m Pk, 8, ») (2.15)

L—ow R—x

since taking the first limit R — oo amounts to taking & along u in (2.13),
With w understood as having an infinitesimal positive imaginary part
which ensures that the perturbation is introduced adiabatically, after some
algebra we find, from (2.7), (2.8), (2.14), and (2.15), the generalization of
(1.2) to the present case:

2

B iim lim I,(1)= w? —w?)cosw_1]

L —>00 R—>w (1)+ —w_
(2.16)
where w, and o _ are the poles of p, ie,
=3{w2+ o+ [(0)+wl)’—4wiol cos’ 0]} (2.17)

In the special case 6 =0, the right-hand side of (2.16) is simply cos w,¢; in
the special case 8 =7/2, it is

2 2

L cos[(w2 + w2)'? 1] +

a)p+coA 2—{—(02

(2.18)

At 1 =0, the result is always 1, independent of B (no static magnetic effect).
For B=0, one recovers cos ,1, ie., (1.2).

In the case where the cylinder axis is parallel to B, we can also com-
pute the “long-cylinder” limit §limg_ ,, lim, I ,(z); since this amounts
to taking k£ normal to u, the result is (2.18), the same as for a “wide cylin-
der” with its axis normal to B.

In the present case of a homogeneous plasma, (2.16) can also be writ-
ten in other forms, by taking advantage of the fact that S(g, t{q,) depends
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upon ¢ and g, only through ¢ —g,. In terms of the Fourier-transformed
structure function

S(k, 1)= [ dge* =g, 1]g,) (2.19)
(2.16) becomes

k? !
~ 2 a2 _ 2 52
K50 478 2 — 2 [(w? —wl)cosw  t—(w> —w?)cos w_1]

S(k|, 6, 1)

(2.20)

The left-hand side of (2.16) can also be expressed as a second moment of S
in position space:

lim lim I,(t)= —2z lim lim j dq q2S(q, 110) (2.21)
1

L —>00 Row Lo R0 v,

where ¢, is the component of ¢ along the cylinder axis.

Equation (2.20) makes it apparent that the simple time dependence of
the right-hand side of (2.16), involving only discrete frequencies w, and
@ _, has been obtained because the limit of 7/, has been taken in special
ways that select one direction for k; only the two wave frequencies
associated with that direction appear. Other ways of taking the limit will in
general give whole frequency ranges. For instance, if we take for 4 a sphere
of radius R centered at the origin, p(k, @) first must be averaged on all the
directions of k:

lim Q,(w)= liml l d(cos 8) p(|k|, 8, w) (2.22)

R = o0 k[ -0 —1

From (2.7), (2.14), and (2.22), we now find

B
2112
)

(wi+w
do g(w) cos wi +J do g(w)cos wt  (2.23)

sup(w,, wp)

inf(we, wy)
B lim L=[
R—>w 0

where

2
lw? — w?|

W)=
g(@) 0,0 w2+ ol —o?)

7 (2.24)
The range of frequencies in (2.23) covers all the values given by (2.17) for
any cos 0.

For large |g|, the asymptotic behavior of the induced charge density
p(q, w) is determined by the singularity (2.14) at k=0 (under the
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assumption that this singularity is the only one). Therefore, for obvious
dimensional reasons, p(g, @) decays like |g| ~*, and so does the left-hand
side of (2.6), as foresen in the Introduction.

Similarly, the asymptotic behavior of S(q, t|¢;) for large |¢| is deter-
mined by the singularity of S(k,t) at k=0. Since, from (2.20), this
singularity is of the form k? times a function of 0, S(g, t|q,) decays like
lg| ~°. Let us remark that this algebraic decay would not be easily revealed
by a small-7 expansion of (2.20); in an expansion in powers of >, up to
order ¢° the coefficients are regular functions of k (linear combinations of
k? and k* cos® 0 = k?), and one has to go to order 7* to see a singular term
k? cos* 8 = k?/k* in the coefficient.

From (2.20), it is easy to obtain information about the charge—current
correlation function, defined as

d(q, t1q,)=e*<J(q, 1) N(q,,0)> (2.25)

where eJ is the microscopic electrical curent density; the Fourier transform
is

a(k, 1) = [ dg expl—ik- (4 q.)] (g, 14,) (2.26)

For large length scales, eJ(q, t) is related to eN(g, t) by equations similar to
(2.9) (with p,,, =0), and the small-k behavior of d(k, t) can be obtained
from the small-k behavior of S(k, ¢). In terms of the unit vector along the
field 6= B/|B|, the result is

~ —iw? 1 .
d(k, l) ‘kmoﬂﬁ—pm [k(,l)_,_ sinw !
2
—5(5-k)w‘ sinw+t+(l3 AkyYw, cosw t—ko_sinw_t
+
PN w? A
+b(b-k)c—oisin w_t—{b A k)w,cos a)_til (2.27)

The singularity at k =0 is of the form k times a function of the polar angles
of k, and therefore d(q, t|q,) decays like |q| ~*.

These algebraic decays of S and 4 are caused by the magnetic field. In
the case B=0, the leading terms of S and d at k=0 are regular, respec-
tively k2 and k (of course, faster algebraic decays are not excluded by the
present argument). On the contrary, if we consider the current-current
correlation function, by similar methods we find for it an algebraic decay,
like |g| ~?, already in the case B=0.
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2.3. Inhomogeneous Plasma

We now allow the background charge density —ep, to be a function
of position ¢ (the magnetic field B, however, is again a uniform one). From
the macroscopic equations (2.9) we now obtain, instead of (2.10),

Z sz [ExBVB¢] = _4npext (228)
xf

where «, f = x, y, z label the coordinate axes; z is along the field. The non-
vanishing elements of the dielectric tensor® e, are

b= = 3

—m2__ 2
e el (2.29)

2 2
W’ —w?

—imlw,
8xy= TEyx T T oy

- 7 w(wt— )
These clements are position-dependent through ?, which is defined by
(2.12): their expressions (2.29) are valid in those regions of space where the
variation of p,(g) is slow enough. The external charge density is chosen as

a point source:
Pex =0(q)

We were able to extract a sum rule from (2.28) only in special cases.

2.3.1. A Special Class of Inhomogeneous Plasma. In the
presence of a magnetic field, we obtain a simple generalization of (1.2) for a
restricted class of systems. Using cylindrical coordinates g = (r, ¢, z) with
the z axis parallel to the uniform magnetic field, we choose the background
charge density as a function —ep,(r, ¢), independent of z, and we assume
that p, has, at infinity, a limit, which may, however, depend upon the
direction in which r recedes to infinity: lim, _, , p,{r, ¢) = p (@) exists, for
almost every ¢.

The invariance along z suggests we introduce the Fourier transforms,
with respect to z, of the potential ¢ and the induced charge density p:

3, 0, k, ©) =f dz e~ g(r, ¢, 7, ) (2.30)

Py 0.k @)= [ dz e p(r, 0, 2, @) (2:31)
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Actually, we only need to consider the value k=0, at which (2.28) becomes
Y V,[enVdk=0)1= —4n 5(x) 5(») (2.32)
wf=xy

This is the equation for the potential created by a uniformly charged wire
(the z axis), and p(k=0) is the corresponding induced charge density.
Alternatively, (2.32) defines a problem in two-dimensional electrostatics.
The total induced charge in a large disk of radius R,

Q(w)zj: drr j: do 5(r, ¢, k=0, o) (2.23)

can be obtained by adapting an argument of Ref. 4, as follows. In the
asymptotic region (r large), where ¢ (r, ¢) and ¢,,(r, ¢) can be replaced by
their asymptotic forms ¢, ,(¢) and ¢, (¢), (2.32) becomes

13/ 08\ 10 g\ 1/d o
o) g (v 5) 3 (gt =0 23

with a solution of the form

$= —A[lnr+ f(p)] (2.35)

where f(¢) is a function (periodic in ¢ with a period 27n) determined by
(2.34). Through the circle of radius R, the radial component of the elec-
trical displacement

——8Loo(a$/ar) - Bnoo(l/r)(ag/a(p)
has a flux
A" dos, (0)=4n (2.36)
4]

while the radial component of the electrical field —(64|0r) has a flux

2nA =4r[1+ Qo)) (2.37)

Since taking k=0 in (2.31) amounts to integrating p(r, ¢, z, w) with
respect to z, Q(w) is the charge induced in a cylinder A of length 2L, radius
R, and axis z in the “long-cylinder” limit. From (2.36) and (2.37), we find

lim lim O (w)=1/&—1 (2.38)

R—->0o0 Lo

where & is defined as an average at infinity of ¢ :

I B 0’ — @2~ w?
= [, =T (239)

¢
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and

——-;”dwpmx¢> (2.40)

We can now use (2.38) in (2.7). It must be noted, however, that the
general form (2.3) of the fluctuation-dissipation theorem allows us to add
to Cpy(w) a term proportional to §(w), ie., to add a constant to Cpal2).
This constant is determined by the requirement that C,,(t=0) has the
right value. Here, this procedure gives

—2

g lim lim I,(¢)=

R—w L >

(2.41)

2

«

E— cos[(@2+ w2)? 1] +——F
p p W, +w;

This is the generalization of the sum rule (1.2} to the present class of
systems.

Special cases of (2.41) include a semi-infinite plasma bounded by a
plane wall x=0 [p,(g)=0 if x <0, p,(q)=p, if x>0], with the magnetic
field parallel to the wall; then &,=w,/\/2, the surface plasma frequency.
Another special case is a two-density plasma [p,(¢)=p_ if x<0 and
plg)=p, if x>0), again with the magnetic field parallel to the plane
x=0; then @, =[(2rne’/m)(p, +p_)]""

2.3.2. More Complicated Cases. An example: Solving (2.28)
in less special geometries will in general result in a sum rule involving
whole frequency ranges, as in (2.23) and (2.24). We shall only consider one
example: a semi-infinite plasma bounded by a plane wall z=0 [p,(g) =0 if
z<0and p,(q)=p, if z> 0], with the magnetic field along the z axis, i.c.,
normal to the wall.

With p.,, = d(q), (2.28) becomes, in the present case,

0 0% 0?
%= <e| ¢> +e, <6 ¢;+a—y¢> = —4n d(x) d(y) 6(z) (2.42)

¢ and ¢, are given by (2.29) for z> 0, and are equal to 1 for z <0. Now,
the invariance along the xy plane suggests we introduce the Fourier trans-
forms with respect to r= (x, y)

Bk, Z,w)zjdr e *rd(x, y, z, w) (2.43)

Pk, z, @)= [ dre % p(x, y, z, ) (2.44)
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Equation (2.42) becomes

5, 0
E(‘g\@g)—hk%: —~4no(z) (245)

It is straightforward to solve (2.45) in each region z > 0 and z <0, with
the conditions that § is continuous and s‘l(aa/ﬁz) has a jump —4n at z=0.
The result is

47 e \?
J“[1+(e“el>“2]|k|‘”‘p[‘<«e—.l> 'k'z]’ >0

J 4z

T+ (e 6) P 1A]

(2.46)

exp(lk| z), z<0

From Gauss’s theorem, we then obtain the total charge Q(w) induced
between the planes z= +L:

1+ Q(w) =;:; [(%g)zd,kzo_ (%92_ L,k:o]

1+ (s./e)"”

S+ (e e (247)

Q(w) is the charge induced in a cylinder A of length 2L, radius R, and
axis z in the “wide~cylinder” limit, and can also be written as
lim; _  lim, , , O (o).

In (2.46) and (2.47), the square roots (¢, ¢,)"* and (¢, /¢,)"/* must be
defined as the positive square roots when ¢, and &, are both positive, for
instance, when ®?> cuf,+ w?. For other values of w, the square roots are
defined by analytic continuation in the w complex plane, with ©
understood as having an infinitesimal positive imaginary part. In this way,
we obtain Im Q(w), and, from {2.7), a sum rule for the correlation function.

In the case w,. < w, the result is

2 N 12 o
g lim lim 1A(1)=cos[(“’—";&> z}uj do> h(w) cos wr
0

L -0 R-wx

(@} + WD)
f do h(w) cos o (2.48)
where
2 [(@? + 0 — 0?)(w® — w?)]? 1
M) =2 P c ¢ 2.
(@) n[ 0’ —w) } w?+w? 20 (249)
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The range of frequencies in (2.48) covers all the bulk wave frequencies
given by (2.17) for any cos 6, plus the isolated frequency [(w?+ w?)/2]"?,
which corresponds to a surface wave. Similar results are obtained in the
case w,<w,, with, however, no isolated frequency contribution. The
“long-cylinder” limit §limg_, ., lim, _, . I,(¢) can also be computed.

2.4. Dipole Sum Rules

For a semi-infinite plasma or a two-density plasma there are other
sum rules, involving the dipole moment of the pair correlation function.
These dipole sum rules can be obtained by considering the linear response
to charged plates (rather than charged points). The derivation and results
are simple generalizations of what was done in Ref. 4.

2.41. Semi-Infinite Plasma. We want to consider a semi-
infinite plasma bounded by a plane wall z=0 [p,(¢)=0 if z<0 and
p,(qy=p, if z>07 in a uniform magnetic field of arbitrary direction; we
call 6 the angle between the normal to the wall (the z axis) and the
magnetic field. In a first step, we assume the plasma confined between walls
at z=0 and z=L; the limit L — oo will be taken afterward. The pertur-
bation is caused by charging the walls at z=0 and z= L with oscillating
surface charge densities +cos wt. Let the induced surface charge density
along the wall x =0 be o(w). The electrical field is along the z axis, with a
value 4n(1 + o) determined by the total surface charge density, while the z
component of the electrical displacement is 4%, determined by the external
surface charge density. The dielectric tensor relates the electrical dis-
placement to the electrical field:

4r = (g cos® 0 +¢, sin® 8) 4n(1 + o) (2.50)

Equation (2.50) determines o(w), which, from the microscopic point of
view, is

L2
a(w)zf dz p(z, o) (2.51)
0
The Hamiltonian of the perturbation is 4 cos w¢, with
A= ~4nef dg, z, N(g,) (2.52)
O<zi< L

Therefore, from the fluctuation-dissipation theorem (2.3), we find, after
having taken the limit L — co,
1 r+odw

—A4n LOO dzjdfh z,8(q, t1q,) = T Z}-Im o(w)exp(—iwt)  (2.53)
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The function S(g, 7]4q;) should have a slow decay (as |g,| ~*) parallel to the
wall, but as z, — o0, it is expected to decay as the bulk function (as |q,| °);
therefore the g, integral in (2.53) is convergent. Finally, from (2.50) and
(2.29), we obtain the dipole sum rule:

~anfp | " dz | dg,2,8(g. 114))

1
=—s—— [(w% —w?)cosw t— (0>

2 2
0%, —wZ

—w?)cosw_1] (2.54)

where @, and w_ are given by (2.17).

2.4.2. Two-Density Plasma. A very similar sum rule holds for a
two-density plasma [p,(g)=p_ f z<0 and p,(g)=p, if z>0]. The
argument is the same as above, except for the fact that the induced charge
density p(z, ) now extends on both sides of the plane z=0. Thus, we
obtain a sum rule of the same form as (2.54), with [ dz--- replaced by
f‘fm dz - ; the integral on z, still is on positive z; only, and the frequencies
w, still are those pertaining to the region z>0, iec., computed with

Pp=P+-

3. MICROSCOPIC THEORY

3.1. General Setting

We reinvestigate the derivation of sum rules from a microscopic view-
point. The setting is the same as in Section 3 of Ref. 4, with the appropriate
modifications to include the magnetic field. We assume that the time-
dependent correlation functions of an OCP with background density p,(q)
obey the BBGKY equation

0
EP(% D,t|U): AU'qu(q’ Uat|U)

—— [0 A B+E(@)]V.plg, 1| U)
62

-=[dq Flg—q)V.[pla. v; 4" 1]U)

—p(q') plg, v, | U)] (3.1)

The correlation functions p(q, v; ¢, v';...| U) between a set of particles with
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positions and velocities g, v; ¢, v';... at time ¢ and another set of particies
U=(q,,v,;q3, Uy} qi» Uz) at time ¢ =0 are defined by

p(g, 054, 05, 1| U) = ([N(g, v 1) N(g', V', 1) ] e

X [N(g1,v,0) Nge v, 0) o> (3.2)
where N(q, v, t) is the microscopic number density at point g, velocity v,
and time ¢. The notation [---],. means that the contribution of coincident
particles is not included, and {---) is the thermal average. When the set U
is empty, the correlations reduce to their equilibrium value, which are the
static configurational correlations p(g, ¢'....} multiplied by the Maxwellian
distribution of velocities. In (3.1) and in the sequel, the suppression of a

velocity argument means that it has been integrated out. In particular, the
structure function (1.1} is

S(q, t1g,)=e€*(plq, t14,) — p(q) p(q,)] (3.3)

In (3.1), F(g)= —V (1/|q]) is the Coulomb force and

Eg)=¢ | dg' Flg—q)(p(a)~pslq")] (34)

is the electric field due to the total charge density. When the particles are
constrained to move in a restricted domain D bounded by hard walls, the
configurational integrals are restricted to D and Eq. (3.1) is supplemented
by the condition of elastic collisions at the walls.

We now proceed as in Section 3 of Ref. 4. We introduce the truncated
correlations

pr(q, v, t|U)=pl(q, v, t|U) — p(q, v} p(U) (3.5)
prig,v;q, v, t|U)=plq,v;q", v, t|U)—p(q,v) p(q', v, t] U)
—p(q’,v') plg, v, t|U)—plg, v; ¢, V") p(U) + 2p(q, v) p(q’, V') p(U) (3.6)

and assume that these functions have some decay properties in velocity and
configuration space:

lorlg, v, t|U)< M/l",  1>5 (3.7)
for fixed ¢, ¢, and U, and
lpr(g, v, 1| U)l < MJ|q|? (3.8)

for fixed v, t, and U.
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The condition (3.7) ensures a sufficiently fast decay in velocity space at
time ¢ (at time 7=0, the decay is Gaussian), whereas condition (3.8) is
compatible with the findings of Section 2.2, where the current—current
correlations behave as |g| 2, |g| — oo. Other clustering assumptions will be
introduced at the appropriate places.

After some algebra the BBGKY equation (3.1) yields for the truncated
functions

0
EPT(‘], Ua[|U): -"U.quT(q’ Uat|U)

e
_n_1 [U A B+E(q)] .VupT(qa v, t| U)

—% [V.p(q,v)] 'qu’ Flg—q)piq, t1U)

2

e
—= [ dg Flg=q) Vops(aviq.110)  (39)

When we multiply (3.9) by a velocity-independent function and integrate
on g and v, we get, after an integration by parts,

0
= [ da£(@) pria. 11U)= [ da [V, f(@)] [ dv vprta.,11U) (3.10)

Equations (3.9) and (3.10) have to be supplemented with initial conditions
determined from the statics. At t=0

k
ep (g, t=0U)=e[p(q, 4y, )+ Y. qg—q,) p(Gyss 4r)

i—1
| k 3/2 1
~pla) plarn a0 [ (52) exp(=p302) (311

is the static excess charge density at ¢ when particles at U=
(g4, v1;.; qx, ) are fixed. This excess charge satisfies the charge and dipole
sum rules of Ref. 7:

ejdq pr(g, t=0|U)=0 (3.12)

e | dg gpilq,1=01U)=0 (3.13)
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3.2. Homogeneous Plasma

In the homogeneous plasma, the local neutrality imposes p(g)=p,
and E(q)=0. Because of translation invariance, it is convenient to
introduce the Fourier transforms of the correlations. We consider
specifically the correlations of the charge and of the current with the phase
space densities of a general set of particles U,

eque‘ik"’pT(q,t|U)EC’(k, tU) (3.14)

e[dqe‘”""fdvva(q, v, t|U)=d(k, 1| U) (3.15)

Notice that when U=(g,=0,v,) reduces to a single particle and the
integral on v, is performed, the quantities

ejdul Cik, 110, v,) = S(k, 1) (3.16)

e [ dv, Ak, 110, v,) =k, 1) (3.17)

are the Fourier transforms of the charge-charge correlation (2.19) and
charge—current correlation (2.26). By homogeneity in space and time, one
has

pT(q; U,tiO,UI):p(—q,Ul,——”O, U) (318)

and this implies also with the definitions (3.14) and (3.15) that

fdul 0,C(k, 110, v,) = A —k, —1) (3.19)

One finds from (3.9) and (3.10) that the correlations (3.14) and (3.15)
obey the equations

0 ~ e ~ . k
57 A0, 11U) =1 Ak, 11U) A B0} s Ok 1] 0) (3.20a)
+ie j dv (k- v) vp p(k, v, | U) (3.20b)

3
e .
+=[dq [ dg' e (g —q') prla. 4, 11U) (3200)

gé(k, t\U)= —ik-d(k, 1| U) (3.21)
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If the terms (3.20b) and (3.20c) are neglected, Eqs. (3.20a) and (3.21) are
analogous to the macroscopic equations (2.9) with p,,, set equal to zero,
and C(k, t|U) and d(k, t| U) corresponding to the charge and current den-
sities. Therefore, (3.20a) and (3.21) describe free macroscopic charge and
current oscillations in the plasma. The terms (3.20b) and (3.20c) (a “kinetic
energy” term and a “collision” term) incorporate the effects of the
microscopic correlations. We show that these terms do not contribute to
the long-wavelength limit of charge—charge and charge-current
correlations. As a result, we will find that the behaviors (2.20) and (2.27)
are exact in the microscopic theory.

3.2.1. Dynamics of the Correlations in the Long-Wave-
length Limit. The small-k behavior of Egs. (3.20) and (3.21) is
investigated under the assumption that

dlk, t|Uy=do(k, 1| Uy +0(1),  k=k/lk| (3.22)

i.e., d(k, t|U) has a limit when k — 0 in a fixed direction £. Since d(k, ¢| U)
is the Fourier transform of the current correlated with the phase space den-
sities of a general set of particles U, the assumption (3.22) is compatible
with the spatial decay discussed in Section2.2: for a general U,
pAg, v, 1] U) should behave as a current-current corelation with a |g| 3
decay. We deduce immediately from Eq. (3.21) that

J - 2
= C(k=0, tlU)=a[equ polg, t}U)]zO (3.23)

With the initial condition (3.12) (the static charge sum rule), this implies
that

C’(kzO,tiU)zequp(q,tlU):O (3.24)

for all 1 and U. We therefore conclude that the charge sum rule remains
true for all times in the presence of the magnetic field.
We now write the small-{k| expansion of C(k, ¢ U) as

Clk, 11Uy =Cy(k, £ U) k| + o(]k]) (3.25)
and suppose, moreover,

ququ’lpr(q, g, t|U)| <o (3.26)

The assumptions (3.25) and (3.26) are again compatible with the findings
of Section 2.2: for a general U, p(g, t|U) and p(q, ¢, t|U) behave as
charge—current correlations with a |g| —* decay.
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Letting now £ —» 0 in (3.20) and (3.21), we find

'a% dolk, 1| U) :;% do(k, t|U) A B—i2kC,(k, 1| U) (3.27)

%cl(ﬁ, 1 U)= —ik-dy(k, 1, U) (3.28)

Under the above assumptions, the terms (3.20b) and (3.20c) are o(1} [the
integrand of (3.20c) are antisymmetric in ¢, ¢" at |k{ =0].

Equations (3.27) and (3.28) form a closed set. One obtains by suc-
cessive iterations

2
gt—z Cytk, 1)Uy = —iw k- [do(k, 11 U) A b]— 02 C\(k, 1| U) (3.29)
@ . . - . o . .
75 Cilk, 11U) = iw?(k —cos 0b) - dy(k, 1| U) = w;’;gg C,(k, t|U) (3.30)

with 5= B/|B| and cos 6 =k - b, and finally

ot a° -
[é?+(wﬁ+wf)5t—2+wfw;cosz(9] Cilk, t|U)=0 (3.31)

It is easily checked that the charactﬂeristic frequencies of l§q, (3.31) are
precisely given by (2.17). Hence, C,(k, t|U) [as well as dy(k, 1| U)] is of
the form

Cik, tjU)=Acosw, t+Bsinw, t+Ccosw_t+Dsinw_t (3.32)

The coefficients have to be determjned by the initial conditions, ie.,
evaluating the equilibrium value C(k, r=0{U) as well as (3.28)~(3.30) at
t=0. Since the static truncated correlations have a fast decay,
Ci(k, t=0]| U} is given with (3.25) and (3.14) by the expression

Cy(k, 1=010) = —ie [ dg gp (g, 1=0]U)=0 (3.33)

This vanishes because of the static dipole sum rule {3.13). The zero-time
derivatives can be computed from

do(k, 1=0U)=e [ dq [ dvvp (g, v, 1=0| V)

=eVp(U) {3.34)
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with V=3%_, v,. The final result is

C,(k, t) U)=ep(U)—2—l—2— [ch-(B Ak)cosw, t—cosw 1)
w, —w

(5-5)b- sz(sinw‘z_sinw+t>

® .,

+k-V(iw_sinw_t—w, sinwﬁ)] (3.35)

This is the exact small-k behavior of the (n+ 1)-point function (3.14).
Two special cases are of interest. If one integrates (3.35) on vy,..., v,, one
gets [since p(U) is Maxwellian ]

Cik, tqym q)=0 (3.36)

for all 1,4, ,..., q.. When p,(q, t]¢,,.., g,) has an integrable first moment,

C\lk, 1141, q) = —ie [ dg qpr(g, 11q1r 0)=0  (337)

is the time-dependent generalization of the static dipole sum rule (3.33).

We can also recover from (3.19) the small-k behavior of the charge
current correlation d(k, t). The charge sum rule (3.24) implies that
d(k=0, 1)=0. Moreover, when we multiply (3.25) by v, with U= (0, v;)
and integrate it on v,, we find that the microscopic motion of d(k, ¢) at the
order |k| is the same as formula (2.27), which was obtained from the
macroscopic equation (2.9). An explicit expression of dy(k, ¢|U) for a
gencral U can also be obtained by specifying the appropriate initial con-
ditions.

3.2.2. The Structure Function. According to (3.16), (3.17) and
(3.20), S(k, 1) and d(k, t) obey the equations

0 ~ e~ ., ko .
5 A = Ao 1) n B i} 81k, ) (3.38a)
+iefdv (k- v) vk, v, 1]0) (3.38b)

3
e AR ’ ’
+5{dg [ dg' e *Flg—q) prig. ,110)  (338¢)
m
0

5 Sk, t)= —ik - d(k, 1) (3.39)



Time-Dependent Correlations for One-Component Plasma 249

Since d(k =0, t)=0, we assume that for small |k|,
dik, ty=d,(k, 1) k| + o(|k]|) (3.40)
One concludes from (3.39) that S(k, 1) must be of the order of |k|%. We set
Stk, 1) = S,y(k, 1)|k|* + o(1k]?) (3.41)

and

[ da [ dg' 191 1p1(g. 114, 0)] < 0 (342)

The assumptions (3.41) and (3.42) are aiso compatible with the |¢| ~° decay
of the charge—charge correlations found in Section 2.

The term (3.38b) is o(|k|), since (3.18) together with the charge sum
rule (3.24) implies

prlk=0,v,110)= [ dg p (g, v. 110)

= dg pr(~q, —110,0)=0 (343)

<

With the change of variable ¢’ - ¢’ 4+ ¢ and the invariance under trans-
lations, the term (3.38¢) can be written as

3

e ik - 7

-—qu’ F(~q’)qu6"" “pr(—q, —t|q,0) (3.44)
m

It follows from (3.42), the charge sum rule (3.24), and the dipole sum
rule (3.37) that this term is also o(|k|).
In the limit |k| — 0, Egs. (3.38) and (3.39) reduce to

0 - e , A

3 di(k, t) = di(k, t) A B—iw kS, (k, t) (3.45)
0 A » R

% So(k, ty= —ik-d(k, t) (3.46)

which have the same structure as (3.27) and (3.28). The solution is
therefore of the form (3.32). Since S(k, 1) is even in time, one needs only the
two initial conditions

Sy(k, t=0)=1/4np (3.47)

822/47/1-2-17
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(the Stillinger—Lovett second moment condition) and
2

~ e . - ~
52 8otk (=0)= —i—k-d\(k, 1=0) A B~} S,(k, (=0)

(,1)2

=35 (3.48)

because d,(k, t=0)=0 [see (2.27)].
One recovers then that S(k, r) is given by the formula (2.20) at the
order |k|%

3.3. Inhomogeneous Plasma

When the OCP is not uniform, Fourier transforms are not well adap-
ted, because of lack of translation invariance. Our starting point is again
Egs. (3.9) and (3.10), but the configurational integrals occurring in this
subsection are formal. They are in general not absolutely convergent and
their meaning has to be specified in each particular case. As in (3.20) and
(3.21), we cast the equations of motion in a form analogous to the
macroscopic ones by singling out some microscopic correlations. For this
purpose, we set

1 .
[ dg —— 5(q', t141)=d(g. 41, 1) (3.49)
lg—¢']

& [ dvvp g, v, 119,)=dlg, g1, 1) (3.50)

One gets from (3.9) and (3.10) with the choice f(g)=1/|q]

0 1
=d(g, q1, )= ——w)q) Vg, g, 1) +.d(q, q,, 1) A D

ot 47
+ Ri(4, 41, 1) (3.51)
—¢ 0,9y, ¢ qu< > (9,915 1) (3.52)

R.(q, q,, t) involves the three-body correlation, the electric field due to the
inhomogeneity, and a kinetic energy term:

Ry(@, 41, 1) =~ E(g) prig t14)) —€* [ dvv(o-V,) prlq. v, 11 41)

4
e
+= [ dg' Fla—q') p+(g. 4 1101) (3.53)
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It is shown in the Appendix that (3.51) and (3.52) can be combined into
the single equation

1
(@ = 0)) Y [ da| sl o)V
EN

,QJ V94, 41, ©) = Ry(q,, @) (3.54)

In (3.54), w is the time Fourier transform variable. The tensor ¢,4(q, w) has
the same form as in (2.29), but with the local plasmon frequency w>(q) =
4n(e’/m) p(q) defined in terms of the actual particle density p(g). The
R,(g,, w) incorporates all the contributions coming from R,(q,, ?).

The equivalent of the long-wavelength limit amounts to performing
the ¢, integral on (3.54) (with an appropriate limiting procedure if it is not
absolutely convergent). If it is possible to show that

qul Ry(qy, 0)=0 (3.55)

then (3.54) reduces to an equation involving only ¢(q, q,, w):
1

) ,q[>w(q, g1, ©)=0 (3.56)

w0 —0?) [ dg, [ dg ¥ e.y(g. ) (V
of

When the plasma is homogeneous, one can check from the results of Sec-
tion 3.2 that (3.55) holds (see Appendix). Then, writting (3.56) in Fourier
space, it becomes identical to the fourth-order differential equation (3.31)
for S,(£, t). When B=0, one can also derive the sum rule (1.2) from (3.56).
For a general inhomogeneous plasma without symmetries and B+#0, we
have not been able to draw definite conclusions from (3.54) because of the
lack of information about the asymptotic behavior of the correlations in
space.

Let us, however, show how it is possible to recover the special class of
inhomogeneous plasmas discussed in Section 2.3. Choosing f(g)=1 in
(3.10), one notes that the charge sum rule (3.24) is true. According to
(2.38), we always interpret the ¢, integral as the “long-cylinder” limit. Now,
because of the charge sum rule

V2| g, $(a. 9., 0)= —4n | dg’ S(q', ©]q,) =0 (3.57)

Thus, [ dg, ¢(q, 4, @) is harmonic in ¢, and hence constant with respect to
g (assuming boundedness at infinity):

[ da, 80 41, @)= [ dg, $(0, g1, 0) = lim lim L) (358)

— o Lo
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Arguments are given in the Appendix to show that (3.55) holds. Then,
again interpreting the ¢, and g integrals in (3.56) as “long-cylinder limits,”
and assuming that they can be permuted, one gets, after an integration by
parts,

o= ot) [ g3V, | ate, o). 7| [ das#10.01,0)

lql

R— o Lo

= ¥(w? 2)jdqzv Luﬁ 7, 0)V, r J lim lLm 7,(0)=0 (3.59)

Transforming the ¢ integral into an integral on the surface dA of the cylin-
der A, we have

1 .
| quV,{ (1, @)V m]—j@ Y tuslr, 0) ( xP ‘>daﬂ (3.60)
af A %,

The bases of the cylinder do not contribute in the limit L — oo, and, as
R — o0, we are left with

lim RJ do e, (R, (p)JJroo dz d L

am - é;(r2+22)1/2 .

=47z (3.61)

Here & is given by (2.39) and (2.40), since by neutrality the particle density
plg)=p{R, ¢) tends to the asymptotic background density p_ (@) as
R — 0.

Introducing (3.61) in (3.59), one obtains finally

0w’ - o2 —w?) hm lim 7,(w)=0 (3.62)

R— o0 L -

Coming back to the time variable and solving the differential equation with
the appropriate initial conditions gives (2.41).

3.4. Dipole Sum Rules

The dipole sum rule of Section 2.4 can be recovered from a simple
relation between the semi-infinite and bulk structure functions. A semi-
infinite plasma bounded by a plane wall z=0 is subjected to a uniform
magnetic field having an angle 8 with the normal to the wall. If S*(g, }=
S$®(q, t|0) is the corresponding bulk structure function, one establishes
along the same lines as in (3.52) and (3.53) in Section 3.3 of Ref. 4 that

+ 00 +
[T dgzSgzy=] T | dgz—z)S™(@t1z)  (3.63)
0 z>0 0

z>0
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This holds under the assumption that the difference z(S(q, t|z,)—
S®(g, t|z,)) is jointly integrable in ¢ and z,, and that the charge sum rule
holds for the semi-infinite system. Since S (g, ¢) is O(1/|q|%), its Fourier
transform S(k, ¢) is continuously differentiable, and (3.63) can be written as

Fm dzy | dgzSig 1]z )=—i—f+mdzjdzef’<2~mf(1) (3.64)
0 ! z2>0 ’ ! 2m Jo
with

fi=—i|dgzs=(g e "

_i Sm(k,‘(’ ky’ kZ’ t)

= 3.65
7 (3.65)

ky=ky=0k:=1

The rotational invariance of S%(g,¢) implies that f(0)=0 and

f=D)=—f(]).
Therefore the right-hand side of (3.64) is equal to

Ei— [ az, [i@ | dlf—(lﬁ e iy nf(O):l

T Yo
Lo VAU .
*Z;‘[_Oo lejdl—T—e

i

|

[
—lim 7 5%°(0,0,7 1) (3.66)

10

i

Since B has an angle # with the z axis, (3.66) is given by (2.20), and the
final result is identical to (2.54) [note that S(q, t}q,)=S(g,, —¢{q)]. The
same method enables us to establish the corresponding dipole sum rules for
the two-density plasma.

4. CONCLUDING REMARKS

The object of this study is twofold. First, we have obtained exact
dynamical sum rules for the one-component plasma, which might be useful
in testing approximate theories or comparing with experiments. More
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generally, we would like to get a better understanding of the relation
between macroscopic electrodynamics and statistical mechanics. Here and
in Ref 4, this relation has been made precise in a number of cases.
However, none of them include a dissipation mechanism. The analysis of
Ref. 4 and of the present paper cannot be extended to the OCP with an
(infinite) periodic background where the plasmon mode is damped as a
consequence of the coupling of the electrons with the ionic lattice,® and it
cannot be generalized to multicomponent systems which show dissipation
even in the long-wavelength limit because of interparticle collisions.

It should be stressed that the decay in time shown here in (2.23) and
(2.48) and resulting from a superposition of oscillations over a continuum
of frequencies is not related to any dissipation. For instance, the long-time
behavior in (2.23) is governed by the singularity at w = w, = (02 + w?)'?,
and is easily shown to be proportional to cos(w, — n/4)/t'%. However, this
damping of the oscillation is only a trivial dispersion effect, since (2.23) was
obtained by building a wave packet with undamped plane waves of dif-
ferent frequencies. Similar considerations apply to (2.48).

APPENDIX

To obtain Eq.(3.54), we start from the time Fourier transform of
(3.51) and (3.52) (keeping the same symbols 4, ¢,...)

2

. 5 ~
——l(})d(q, qi, (A))—_— ‘EP(Q) Vq¢(q> qi, w)+w<d(q’ qis (1)} Ab

+R1(C], qlaw) (Al)
~i00(0.q, )= dg (V) dlg. 1. ) (a2)

One multiplies (A2) by —iw andﬁsubﬁstituges (A1). Repeating this operation
three times and using (d A b) A b=0b(d- b)—d, one arrives at

1 2
o*¢(0, g, w) = J dq <V|—q|> : [wz % p(q)V,4(q,q,, )

2

. e ~
+ lwwc'—n; P(Q) Vq¢(q’ g1, (IJ) Ab

2

— 2= p(g) bV, (4, 41, ) 5]

+ iww?ld(q, q;, w)]+Rz(q1, w) {A3)
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with
R,(q,, w)= —qu( |l|> {w?R (¢, 1, @) +ivw R, (g, q,, @) A b
—w2b[R (g, q,, w) b1} (A4)

One uses (A2) to eliminate d(q, ¢,, @) from (A3) and writes ¢(0, ¢,, ®) in
the form

#(0, 41, @) = | dg 5(9) #(q, 4,, @)

1
4njdq< lq I) Vq¢(% g1, ) (AS)

With this and rearranging terms, we get (3.54).

Let us show that |dg, R,(q,)=0 for a homogencous plasma. By
inspection of (A4) and (3.53), thls will be the case if the following integrals
vanish [ E(q)=0 when the plasma is homogeneous]:

1
[da, [da (V. o) [ doogto 90 pita vl =0 (as)

[y [dg (V7o) [ Fita— ) prta 0110, = (A7)
Because of translation invariance, (A6) can be Fourier transformed to

1
[ da. | dg (Vﬂ)jdvvﬂ(v-vq)m(wa,vl, 110)

. 4nik,\ . .
:ggno(~vcl—z—>ljduuﬂ(v-k)pr(k,v,,tm) (A8)

The second factor is identical to the terms (3.38b), which was shown to be
o(|k]) [see (3.43)]; therefore (A8) vanishes. In the same way (A7) is equal
to —4nik,/|k|* times the term (3.38c), which is also o(|k|) [see (3.44)];
thus, (A7) vanishes.

Note that when the plasma is uniform R,(¢,) = R,(r, z,) is invariant
under the rotations around b [g,=(r,, z;, ;) with z,, along 5]. This
follows from the form of the integrand of (4) and the fact that R,(q, q,) is
covariant under such rotations. Therefore qul R,(g,)=0 implies

+ cC + o
fo redr | dzy Ry(ry, 2,) =0 (A9)

To show (3.55) when the plasma is translation invariant only along 5,
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we argue, as in Section 3.3 of Ref. 4, that we can exchange the ¢ and ¢,
integrals occurring in (3.55) and (A4). Let

R0 (g) = R ry, 2,)

be the quantity (A4) corresponding to a uniform background with density
0 (®o)- Then (A9) implies

2n + o0
doo | ridry [ dz Ry, 21) =0 (A10)

0 —

+ oC

0

We can write [setting ¢,=¢, in (A10)]

27 + o0 + o0
[ dgy Ratgn)=| “doy [ rdry [ de TRy 20, 00) = REO(r, 2]
(A11)
Now R,(q,)— R{™¢1(q,) involves the differences of correlations such as
or(g. 4’ t1q))—p5>* g 4, t1q))

If the spatial arguments are far apart, both p, and p{*¢Y decay by
clustering; if all arguments tend to infinity in the same direction ¢,
pr—pie) vanishes because of the convergence of the correlations to
those of the uniform plasma with density p.(p;). We may assume at this
point that the decay in the spatial variables enables us to permute the ¢
and g, integrals. When the ¢, integral is performed first on (3.53), we have

[ dg, Ri(q. 9, 0)=0 (A12)

because of the charge sum rule (3.24), and thus (3.55) will hoid.
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